At many instances, it is more cost-effective to terminate operation of a system than to wait for its failure or completion of a mission. Usually, completion of a mission (contract) results in an additional reward, whereas premature termination results in a penalty. However, the system failure during the mission can incur considerable expenses. As the failure probability increases with the mission time, this can make the mission completion too risky and not beneficial. This article analyzes the optimal mission duration for non-repairable systems subject to shocks and internal failures. Under certain assumptions, an optimal time of mission termination is obtained. It is shown that, if for some reason, the termination is not technically possible at this optimal time, the mission should be terminated within a specific time interval and, if this is not possible, it should not be terminated beyond this interval. Illustrative examples are presented.
Introduction
Reliability modeling of various technical systems usually deals with obtaining probability of failure-free performance under given operational conditions for a specified period of time, or mission success probability (MSP) that is, the probability of completing a specific mission. 1 In practice, there often exist situations when a mission success can be described in monetary terms (e.g. for production systems). Moreover, premature termination of a mission without its completion sometimes can be even preferable, which means that it might be reasonable to terminate the operation and receive some reward rather than to wait till a mission completion or failure. The latter can also result in additional penalties. Note that after the premature termination of a mission, a system often can be used for the future missions, whereas after the mission failure, a system should be repaired or discarded. Thus, at each instant of time, one deals with an operating system that already had ''earned'' some reward and decides to terminate operation if the deterministic reward in the case of the mission termination exceeds the expected reward in the case of the mission continuation. This somehow resembles some gambling problems when the current fortune is compared with the expectation of the future one. 2 Consider, for example, a chemical production system that has to supply a contracted amount of some commodity. If the contract is fulfilled (i.e. the predetermined amount of the commodity is supplied), the producer receives an award. However, internal failures or external impacts can cause a failure of the system during the operation. The failure can destroy the system (in some cases, it also destroys the commodity produced so far). If the producer estimates the risk associated with the failure and decides to terminate the operation, it can pay certain penalties for default of the contract. Depending on the nature of the commodity, the producer can or cannot sell the amount of commodity produced before the mission termination.
Reliability analysis of systems with the premature mission termination caused by failure or shock events (mission abort policies) is a rather new and practically important topic addressed only in a few publications so far. In the pioneering paper by Myers, 3 the author considered the standby systems with an abort policy and a rescue procedure to be initiated upon the failure of a fixed number of components. The method was developed only for homogeneous hot standby systems with components having identical exponential time-tofailure distributions. In Levitin et al., 4 the model was extended to heterogeneous systems and adaptive abort policy. However, these papers do not take into consideration the influence of a stochastic environment on operational characteristics of systems. Moreover, they consider systems when survival is critical, as failures during the mission or rescue procedure result in substantial economic loss and/or loss of lives (e.g. for aircrafts). On the contrary, in this article, we deal with systems that do not require rescue procedures and premature termination of a mission is only considered in terms of maximizing the corresponding profit.
We also assume that systems are non-repairable during a mission and that the mission failures result in the corresponding repair actions at special facilities afterwards (the cost of repair is included in the penalty in this case).
It should be noted that, as reflected in the title, the described setting, in fact, deals with obtaining the costoptimal duration of operation of our system when the maximal operation time (mission duration) is given.
Several recent papers considered the joint impact of external events and internal failures; 5, 6 however, external impacts are usually assumed to be deterministic. In our article, random environment is modeled by external shock processes. By a shock we understand an external ''point'' event that can result in a system's failure. Usually, shocks are described by a random magnitude. However, our description in this article employs the probability of failure under a shock that is an aggregated characteristic, which already takes into account the shock's magnitude. There are numerous practical examples of shocks affecting operating systems. In electrical systems, the peaks of voltage over a threshold can be considered as shocks. Each shock of this kind can result in a failure of a system, whereas when the fluctuations of voltage are within normal bounds, they are ''harmless.'' Hackers attack on computer systems or random missile attacks in warfare can be also considered as shocks, as well as earthquakes, lightning strikes, and so on.
Shock models have been intensively studied in the literature (see, for example, Finkelstein and Cha 7 and references therein) and applied to various reliability topics. For instance, Caballe´et al., 8 Montoro-Cazorla et al., 9 Kenzin and Frostig, 10 Montoro-Cazorla and Pe´rez-Oco´n, 11 Van Der Weide and Pandey, 12 and RuizCastro 13 have considered applications to optimal maintenance modeling. See also Finkelstein, 14 Finkelstein Marais, 15 Song et al., 16 Jiang et al., 17 and Noorossana and Sabri-Laghaie 18 for general shock-based reliability modeling and analysis. In reliability and safety studies and applications, the most popular model is, probably, the so-called, extreme shock model, where each shock can result in a system's failure with the specified probability and a system survives it with the complimentary probability. This model can, in principle, account for damage accumulation as well when the probability of failure increases with each survived shock. 15 It should be noted that survival probabilities of systems subject to shock processes for extreme shock model can be obtained explicitly only for the Poisson process of shocks.
The article is organized as follows. In section ''Preliminaries,'' some useful facts with respect to the simplest shock models and discrete distributions are presented. Section ''Models and analysis'' deals with the optimal mission duration for different settings. In section ''Numerical example,'' some meaningful examples illustrate the obtained results. Finally, concluding remarks are given in the last section.
Preliminaries
We first discuss some relevant facts with respect to the simplest shock models to be used in what follows. Consider a system subject to the orderly (without multiple occurrences) process of shocks. Assume for simplicity, that shocks present the only cause of its failure. In reliability applications, we are usually interested in the probability of a system survival in ½0, t). Denote this probability by S(t). The simplest model is when an operating system is subject to the homogeneous Poisson process (HPP) of shocks with a constant rate r. The system survives each shock with probability q and fails with the complementary probability p = 1 À q. In this case, it is well known that the probability of survival of a system in ½0, t) is
whereas for the non-homogeneous Poisson process (NHPP) with rate r(t) and time-dependent p(t), q(t), this expression turns to 19, 20 
The following discrete survival function describes failure model (1)
whereas the corresponding mass and cumulative distribution functions (Cdfs) for this specific case are
In what follows, we need the conditional distribution Q(k + j)=Q( j), that is, the probability that a system will not fail after k + j shocks given it did not fail after j shocks.
The failure rate function that corresponds to a geometric distribution (3) equals to p for any k, which is the analog of a constant failure rate of the exponential distribution in the continuous case.
When a system is operating in a random environment modeled by a general shock process, its failure model in the corresponding discrete scale can be described by the discrete distribution F(k). As it was mentioned, for simplicity, we will assume that the shock process is HPP with rate r. Then obviously, the survival function for a system in ½0, t) is
which reduces to equation (1) for the geometric distribution (3).
Models and analysis
The cost structure
The decision to terminate the mission will be based on the monetary benefits. Other approaches to mission aborts for critical systems, where survival probabilities are of a paramount importance can be found in Myers   3 and Levitin et al. 4 For definiteness and convenience of our discussion, let us describe the setting in terms of production systems that supply some commodity continuously in time. Let the mission time be T and a system gets a profit C(T) if it completes the mission (does not fail or terminate operation in ½0, T)). This profit is proportional to the cost of the supplied product plus an additional reward C R for contract completion, minus operational expenses, that is, C(T) = (c p À c 0 )T + C R , where c p and c o are the per time unit cost of the supplied product and the operation cost, respectively (c 0 \ c p ). If the system fails, a penalty C f is inflicted. The reward associated with the product supplied before the failure can be optionally discarded (depending on the contract and product nature).
There is an option to terminate a mission at t \ T (which is a decision time). In the case of the premature mission termination, a fixed penalty C t (C t \ C f ) is administrated and the reward c p t associated with the product supplied before the termination can be optionally discarded. The decision about the mission termination at any time t should be made if the profit in the case of the termination exceeds the expected profit in the case of its continuation with respect to risk associated with the system failure. Note that this approach, similarly to some gambling problems, deals with comparison of the observed deterministic profit with that expected in the future after the completion or failure of a mission.
Internal failures
Although our focus is on analysis of the mission termination strategies for systems operating in a random environment modeled by the corresponding shock process, we first consider in detail the case without external influences and with only ''internal'' failures of a system characterized by the absolutely continuous Cdf F(t) and the corresponding failure rate l(t). This will be the basis for further generalizations. Moreover, the qualitative analysis to be presented here holds with straightforward modifications for these generalizations.
A system starts a mission at t = 0 and at time t \ T, one should decide, whether to terminate it or not. For simplification and qualitative analysis to follow, assume first that c 0 = 0. Then, in accordance with the described cost structure, we compare the profit in the case of the premature mission termination, that is, c p t À C t with the expected profit on the whole mission time for the described setting, that is
where
is the probability that a system will not fail in the remaining mission time given it is operable at t. Thus, if for some t, the function
is not negative, then the mission should not be terminated at t. Therefore, we must obtain the minimal value of t resulting in negative (7) and terminate a mission at this instant of time. Relationships (6) and (7) were obtained for the specific case when the rewards after the failure are discarded. To take into account that this discarding is optional/partial and to include the operation cost c 0 6 ¼ 0, equation (7) is generalized to
While deriving equation (8), the fact that the conditional distribution of the system time to internal failure in [t,t + x), x2[0,T 2 t) is 1 À F(t + x)= F(t) was used. Note that parameters 04q41, 04j41 model the extent (proportion) of discarding of the supplied product upon failure and termination, respectively. Specifically, when q = 0 and j = 1, we arrive at equation (7).
We will perform now the qualitative analysis for the specific case (7). Model (8) can be analyzed in a similar way. It is clear that the function A(t) is positive when t ! T (obviously, there is no need to terminate when the mission is practically completed. On the other hand, it is reasonable to assume that there is no need to terminate the mission that had just started. This imposes natural conditions on parameters when t ! 0
which, in essence, means that, to make the start of a mission beneficial, the failure penalty C f should not be too large as compared with other terms of the cost structure (note also that, obviously, C t \ C f ). Therefore, analysis of the function A(t) in equation (7) depends on parameters involved (see Example 1). The derivative of A(t) takes the form
For analyzing the shape of A(t), consider an important in practice example of the increasing (non-decreasing) failure rate that obeys l(0) = 0 (e.g. for the Weibull distribution to be considered for a general case in section ''Numerical example''). Then, obviously, l(t)= F(t) is increasing in ½0, '). It follows also from equation (10) that A 0 (0) \ 0. Thus, combining it with equation (9) and the condition A(T) . 0, it follows that there can be two options: (1) A(t) is positive in ½0, T) (it can be either monotonically decreasing or having a single minimum), which means that the mission should not be terminated before its completion. (2) A(t) has Ushape in ½0, T), thus crossing 0 twice at t 1 and t 2, which is the most interesting case. (Note that when A(0) \ 0, it is not beneficial even to start the mission.) Therefore, one can distinguish three intervals ½0, t 1 ), ½t 1 , t 2 ), ½t 2 , T and, in accordance with our approach, the mission should not be terminated in the first interval, should be terminated in the second interval and again should not be terminated in the last interval. A reasonable question arises about the second interval. Formally, the mission should be terminated just at t 1 , which is the optimal solution. However, if for some reason, it is not technically possible to terminate it at t 1 , which can often happen in practice, the mission should be terminated at the next available instant of time in ½t 1 , t 2 ). If this cannot be realized, the mission should not be terminated at all because its termination in the interval ½t 2 , T is not beneficial. This shape will be clearly demonstrated in section ''Numerical example'' for a more general case with failures induced by shocks as well.
Remark. It should be noted that we assume that, due to administrative, legal or technical reasons, the possibility of the postponed realization of the decision to terminate a mission does not exist. Consider, for example, a system with only periodic inspections during which parameters of an operating system can be observed and a decision to terminate (or not) can be realized (offshore facilities, etc.) This means that if it is technically possible to terminate a mission at t \ T, the decision to terminate or to continue should be executed at the time of evaluating A(t). Therefore, in a certain sense, our results can be generally considered as suboptimal but providing a practically important operational characteristic A(t), 04t4T that at each t compares the future losses/gains (in case of continuation of operation) with the current ones (in case of termination).
Failures induced by shocks and internal failures
Assume now that external shocks are the only cause of system failure and thus there are no internal failures. We first consider the general extreme shock model when the system survives kth shock with probability q k , k = 1, 2, . . . and is ''destroyed'' with probability 1 À q k ''independently of everything else.'' 7 Then, the corresponding survival function is
which reduces to equation (1) for the simplest case when q k = q, k = 1, 2, . . . As it was mentioned, for the sake of applications, we consider the HPP of shocks with rate r, whereas the obtained results can be generalized to the case of NHPP in a straightforward way. It is important to note that the rate of HPP can be given or unknown. In the latter case, we obtain its estimate at the decision point t as x=t, where x is the number of shocks observed in ½0, t).
Thus, similar to our previous analysis, we must compare the reward obtained at time t in the case of the mission termination with the expected one in the case of the mission continuation. For the sake of clarity, we will start with the analysis for the cost structure that was used for deriving equation (7) and then generalize it to the general cost structure employed while deriving equation (8) . Thus, given x shocks have happened by the time t, the expected profit in the case of mission continuation
should be compared with the profit associated with its termination at time t, that is, c p t À C t , where
is the probability of occurrence of i shocks in the shock HPP and Q(i + x)=Q(x) is the probability that the system will survive i shocks given it had survived x shocks before. Similar to equation (7), we can analyze the following profit comparison function for each fixed x
Notice that A(t, x) is a function of two variables, and x can be considered as the decision variable as well. The next example shows the simplest case when this function reduces to the function of one variable.
Example. It follows from equation (3) that for the simplest extreme shock model
and, therefore
where r is the estimated or the given rate of the HPP of shocks. Thus, the decision to terminate or to continue operation is defined in this specific case by comparison between c p t À C t and
and this decision depends on parameters involved. The function A(t, x)[A(t) in this case is
It is important to note also that equation (18) does not depend on x. The explanation of this fact is in the memoryless property of the simplest extreme shock model, that is, Q(i + x)=Q(x) = q i . We shall see that for the degrading extreme shock model that does not possess the memoryless property, the expected reward will be already the function of two variables.
We can now easily combine external shocks and internal failures of the system, provided the corresponding events are independent. Thus, combining equations (6) and (14), the expected profit for the mission completion in our setting is
In practice, the assumption that each shock is survived with the same probability does not always hold, especially for the degrading systems when each shock decreases its resistance to the forthcoming shocks. Having this in mind, consider an important for practical applications specific case q(0) = 1, q(k) = Ov(k), k . 0, where v(k) is a decreasing function of its argument:
kÀ1 , where 0 \ v \ 1 is a shock resilience parameter and O is an intrinsic probability of survival under a shock that does not depend on the number of the previous shocks. 21 Thus, the survival probability of the system at each shock decreases as the number of survived shocks in ½0, t) increases. In this case
Then
and, finally, in this case
which, as before, can be combined with internal failures given these two failure modes are independent. Note that the reward expected at time t depends on the number of shocks occurred by this time x as these shocks affect the system resilience. Therefore, the bivariate optimization for the function A(t, x) can be relevant for this case. We will consider now the most general cost structure that was used for deriving equation (8) . The probability that the ith shock from the HPP with rate r occurs in time interval ½t, t + dt) is P i 2 1 (t)rdt. The probability that the system does not survive the ith shock occurred since time t given it survived x shocks by time t is
Therefore, the expected cost associated with the produced commodity reward in the case of failure caused only by shocks, similar to the only internal failures case, is
The profit comparison function (without considering internal failures) takes the form
Combining now external shocks and internal failures and assuming that the internal failure and fatal shock are mutually exclusive, we obtain finally
For q = j = 1, we get
Numerical example
Consider a production system with Weibull time-tointernal failure distribution F(t) = 1 2 exp{(t/h) 1.9 . The shock survivability function is q(k) = 0.95Á0.5
. The mission time is T = 100. The corresponding costs are presented in Table 1 .
Furthermore, we analyze the profit comparison function A(t,x) for q = j = 1. All parameters except variable ones are as presented above. Figure 1 presents A(t,x) for different values of the Weibull distribution scale parameter h. The function A(t,x) is U-shaped. When A(t,x) . 0 for any t and x, the premature mission termination is never beneficial. If A(t,x) crosses zero at two points t 1 and t 2 (t 1 \ t 2 ), the most beneficial time of the mission termination is t 1 . However, if for some reason, the mission termination at time t 1 is not possible, it is still beneficial to terminate it at any time until t 2 . If the mission was not terminated until this time and the system is still working, the termination becomes not beneficial and the system should be allowed to continue the mission.
For h = 30, the behavior of function A(t,x) shows that the premature mission termination is never beneficial (for considered number of shocks 0 4 x 4 4). However, for h = 25, it is beneficial to terminate the mission at time t = 68 even if no shocks have happened by this time. If, for some reason, the termination at time t = 68 is not possible, then it is still beneficial to terminate the mission at any time instance t \ 82. If, for some reason, the mission has not been terminated before t = 82, then it should be continued until its Table 1 . Cost parameters of production system. completion. With increase in number of shocks, the time interval, when the premature mission condition is beneficial, widens because the system survivability deteriorates and the failure probability increases. Figure 2 presents the function A(t,x) for different values of the shock rate r. The increase in the shock rate has similar influence on this function as the decrease in the system reliability. With increase in the shock rate, the interval when the mission should be terminated, widens and the number of shocks occurred by the moment of decision making x becomes more influential (because the system resilience deterioration becomes more important when the probability of the further shocks increases).
Observe that for r = 0.25, it is always beneficial to start the mission as no shocks can happen before the mission beginning and x = 0. However, when any number of shocks happens until time t 2 , the mission should be terminated as not beneficial. This means that the mission should be terminated at the first arriving shock. The value of t 2 depends on the number of shocks survived before the mission termination.
As the values of t 1 and t 2 can be very important in applications, we will illustrate now in detail these quantities as functions of different parameters of our model. Figure 3 presents the lower and upper limits of interval [t 1 ,t 2 ) when it is beneficial to terminate the mission as functions of h and r. As discussed above, the interval widens when either reliability decreases (h decreases) or shock rate increases. When r . 0.42 (for x = 0, h = 25), the lower limit t 1 takes the value of zero, which corresponds to the situation when the mission beginning is not beneficial. Observe that the value of r when the mission beginning becomes not beneficial decreases with the increase in x. This means that the mission started with x = 0 should be terminated immediately when additional x shocks happen before time t 1 , corresponding to this value of x. Figure 4 presents the lower and upper limits of interval [t 1 ,t 2 ) when it is beneficial to terminate the mission as functions of the failure penalty C f and per time unit product cost c p . The increase in C f and increase in c p widen the interval in similar way by making the mission less beneficial. Eventually, for large values of C f and small values of c p , the start of the mission becomes not beneficial. For C f smaller than a certain value (e.g. C f \ 64 for x = 0, C f \ 62 for x = 4), the function A(t,x) remains positive for any t, which means that the premature mission termination is never beneficial. The same happens when c p increases (c p . 10.2 for x = 0, c p . 10.8 for x = 4). With increase in number of experience shocks x the interval when the mission termination is beneficial widens. . It can be seen that the interval widens when the shock resilience gets lower and the system survivability decreases. This influence becomes more apparent with increase in x. Figure 6 presents the lower and upper limits of interval [t 1 ,t 2 ) when it is beneficial to terminate the mission as functions of the mission time T. It can be seen that t 1 almost does not depend on T. Indeed, when the mission can be terminated at any time, the maximal time it can be performed until completion has no influence on time, when it can be terminated. The influence of t 1 on T exists only then the mission time approaches to the lower limit of the interval when it is beneficial to terminate the mission. On the contrary, the upper limit of this interval depends on T almost linearly. For short missions (T \ 96 for x = 0, T \ 86 for x = 4), the premature termination becomes never beneficial.
Concluding remarks
In some cases, it is more cost-effective to terminate operation of a system than to try to continue the operation until the completion of a mission. Premature termination of the operation results in a reward that depends on the time of operation and a penalty, whereas completion of a mission results in an additional reward. The system failure during the mission results in penalty that can make the risk associated with the mission continuation too large. Thus, it is important to find the optimal operation time of a system. Specifically, when this optimal time is equal to the initial mission duration time, premature termination, obviously, is not beneficial.
We show that under certain assumptions the premature termination is beneficial within a certain time interval. The optimal termination time coincides with the beginning of this interval. However, if for some reason, termination is not technically possible at this instant of time, it is beneficial to terminate the mission at the next available instant of time within the interval. If this is still not possible, the mission should not be terminated until its completion.
We consider several models, namely, with only ''internal failures'' of a system, with only failures due to impact of external shocks and the combined competing risk model with statistically independent internal and external failure modes.
It was shown that when the shocks cause degradation of the system resilience, the number of shocks experienced by a system by the moment of making the decision about the mission termination should be taken into account.
For simplicity and computational convenience, external shocks are modeled by the HPP. However, generalization to the case of NHPP is straightforward.
In this article, we consider non-repairable during a mission systems. Further research can be devoted to generalization of our approach to repairable (specifically, to the minimally repairable) during a mission systems.
In some cases, the reward may not be linear function of time the system operated. For example, in phased mission systems, the reward may depend on number of completed phases, in computing systems performing periodic backups it may depend on number of completed data backups. 22 Such dependencies can be incorporated into the model in the future.
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